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End of term test

Problem 1

y′ =
y2 + 4x2

xy
=

y

x
+

4x

y

Let y(x) = xz(x), i.e.,

y′ = z + xz′ = z +
4

z

⇒ xz′ =
4

z

⇒
∫

zdz = 4

∫
dx

x

⇒ z2

2
= 4 ln |x|+ C

⇒ z = ± (8 ln |x|+ 2C)1/2

⇒ y = ±x (8 ln |x|+ 2C)1/2

Problem 2
0 = λ2 − 6λ + 9 = (λ− 3)2 ⇒ λ = 3

y = C1e
3x + C2xe3x

y′ = 3C1e
3x + C2e

3x + 3C2xe3x

y(0) = 1 = C1

y′(0) = 1 = 3 + C2 ⇒ C2 = −2

y = e3x − 2xe3x

Problem 3

0 = λ2 − 5λ + 6 = (λ− 2)(λ− 3) ⇒ λ1 = 2 6= 1, λ2 = 3 6= 1

yp = A sin(x) + B cos(x)

y′p = A cos(x)−B sin(x)

y′′p = −A sin(x)−B cos(x)

−A sin(x)−B cos(x)− 5A cos(x) + 5B sin(x) + 6A sin(x) + 6B cos(x) = sin(x)

1



−A + 5B + 6A = 1 ⇒ 5A + 5B = 1

−B − 5A + 6B = 0 ⇒ A = B =
1

10

yp =
1

10
sin(x) +

1

10
cos(x)

Problem 4

0 = 2λ2 + 3λ + 1 = (2λ + 1)(λ + 1) ⇒ λ1 = −1, λ2 = −1

2

Since f(x) = e−x/2/2, we must use variation of parameters.

y′′ +
3

2
y′ +

1

2
y =

1

2
e−x/2

A(x) =
1

2

∫
dx

e−x/2ex/2

−1/2 + 1
= x

B(x) =
1

2

∫
dx

e−x/2ex

−1 + 1/2
= −

∫
ex/2dx = −2ex/2

yp = xe−x/2 − 2e−x/2

Problem 5

A =

(
2 1
0 1

)
⇒ det(A− λI) =

∣∣∣∣ 2− λ 1
0 1− λ

∣∣∣∣ = 0

(2− λ)(1− λ) = 0, λ(A) = 2, λ(B) = 1

λ(A) = 2: (
2 1
0 1

) (
u1

u2

)
= 2

(
u1

u2

)
⇒

2u1 + u2 = 2u1

u2 = 2u2

⇒ u2 = 0

Choose u1 = 1

u(A) =

(
1
0

)
λ(B) = 2: (

2 1
0 1

) (
u1

u2

)
=

(
u1

u2

)
⇒ 2u1 + u2 = u1

⇒ −u1 = u2

Choose u1 = 1

u(B) =

(
1
−1

)
y = C(A)e2x

(
1
0

)
+ C(B)ex

(
1
−1

)
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